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(1) f(t) ~ -a0 + Z a" cos nt + sin nt 2 n=l be its associated Fourier series. Let^(a) be a continuous non-negative nondecreasing function defined for 0^a^2ir. We shall say that f(t) has a left-hand zero of integral order \f/(a) at t = ir if <t>(a) sb f I /(*) I A g fia) (0 = a = 2tt).
(One could equally well consider such a zero at any other point.) Natural choices for^(a) are:
a. ,£(«) = a" (» = 1, 2, • • • ), b. tf(«) = fiMti (0 < p < 00),
If ^(a) ^0, then there exists a number ersuch that ^(a) =0 (0^a=ao) and^(«)>0 (a0<ag27r). Let r = -log \f/{a)fa (ao < a = 2ir).
It is easily seen that for all r sufficiently large this equation may be inverted to give a as a function a = t](r) of r. It is 77 (r) which we shall use as the measure of the zero of /(/)• It should be noted that such extreme behavior as a. and c. may be permitted and that our theorems are significant throughout this entire range. Let N(t) be the number of indices n<t whose coefficients an and bn are not both equal to zero. The density of these indices may be characterized by the function T-'OO implies that/(J)=0 almost everywhere in (-x, x) . This follows from the fact that on the lines arg z = x/2 + 5, arg z = -7r/2 -5, we have the bound so that if cos 5 ^ (1+e)_I, <£(z) tends to 0 as we go to infinity on these lines. Then, since €>(z) is at most of order one, by the Phragm6n-Lindelöf Principle it is bounded in the enclosed angle and this follows similarly for the angle -7r/2 + S = arg zg7r/2 -5 and the two complementary angles. Thus 4>(z)==0 and the result is proved. If f(t) has a one-sided zero at t = ir, the same argument applied to <p(z)<I> ( -z) shows that the condition implies that/(/)=0 almost everywhere in (-it, ir). It is easy to give examples which provide lower bounds for the constant c which may occur in the above result. Indeed, let /i(/) be identically zero from -7r+8 to ir and arbitrary (but not zero) in the rest of (-7t, it) . We see at once that f (r) is asymptotically not greater than 7rr while for the choice ^(a) =d>(a), rv{r) is asymptotically equal to (27t -S)r. Thus the constant c cannot be taken less than 2. Similarly the function ft(t) identically zero outside ( -5, 5), arbitrary in this interval, provides an example showing that for a two-sided zero the constant c cannot be taken as less than 1.
It should be mentioned that this does not, of course, supersede the result of Levine and Lifschitz since they showed that c cannot be taken less than 1/2 even when only very restricted classes of lacunary series are admitted.
